We investigate the local Hopf bifurcation in Genesio system with delayed feedback control. We choose the delay as the parameter, and the occurrence of local Hopf bifurcations are verified. By using the normal form theory and the center manifold theorem, we obtain the explicit formulae for determining the stability and direction of bifurcated periodic solutions. Numerical simulations indicate that delayed feedback control plays an effective role in control of chaos.
Introduction
Since the pioneering work of Lorenz 1 , much attention has been paid to the study of chaos. Many famous chaotic systems, such as Chen system, Chua circuit, Rössler system, have been extensively studied over the past decades. It is well known that chaos in many cases produce bad effects and therefore, in recent years, controlling chaos is always a hot topic. There are many methods in controlling chaos, among which using time-delayed controlling forces serves as a good and simple one.
In order to gain further insights on the control of chaos via time-delayed feedback, in this paper, we aim to investigate the dynamical behaviors of Genesio system with timedelayed controlling forces. Genesio system, which was proposed by Genesio and Tesi 2 , is described by the following simple three-dimensional autonomous system with only one quadratic nonlinear term:ẋ where a, b, c < 0 are parameters. System 1.1 exhibits chaotic behavior when a −6, b −2.92, c −1.2, as illustrated in Figure 1 . In recent years, many researchers have studied this system from many different points of view; Park et al. 3-5 investigated synchronization of the Genesio chaotic system via backstepping approach, LMI optimization approach, and adaptive controller design. Wu et al. 6 investigated synchronization between Chen system and Genesio system. Chen and Han 7 investigated controlling and synchronization of Genesio chaotic system via nonlinear feedback control. Inspired by the control of chaos via time-delayed feedback force 8 and also following the idea of Pyragas 9 , we consider the following Genesio system with delayed feedback control:
x t y t , y t z t M y t − y t − τ , z t ax t by t cz t x 2 t ,
1.2
where τ > 0 and M ∈ R.
Bifurcation Analysis of Genesio System with Delayed Feedback Force
It is easy to see that system 1.1 has two equilibria E 0 0, 0, 0 and E 1 −a, 0, 0 , which are also the equilibria of system 1.2 . The associated characteristic equation of system 1.2 at E 0 appears as 
Following the detailed analysis in 8 , we have the following results. ii Proof. Substituting λ τ into 2.1 and taking the derivative with respect to τ, we can easily calculate that
thus the results hold. ii 
has two roots with positive real parts for
0 ≤ τ < τ 0 . iii If Δ > 0, v * 1 > 0, h v * 1 ≤ 0 and h v k / 0,
Some Properties of the Hopf Bifurcation
In this section, we apply the normal form method and the center manifold theorem developed by Hassard et al. in 11 to study some properties of bifurcated periodic solutions. Without loss of generality, let x * , y * , z * be the equilibrium point of system 1.2 . For the sake of convenience, we rescale the time variable t τt and let τ τ k μ, x 1 x − x * , x 2 y − y * , x 3 z − z * , then system 1.2 can be replaced by the following system:
respectively, given as
By the Riesz representation theorem, there exists a function η θ, μ of bounded variation for θ ∈ −1, 0 , such that
In fact, the above equation holds if we choose
Then 1.2 can be rewritten in the following form:
For ψ ∈ C 0, 1 , we consider the adjoint operator A * of A defined by
3.8
For φ ∈ C −1, 0 and ψ ∈ C 0, 1 , we define the bilinear inner product form as
Similarly, let q * s B 1, α * , β * e isω k τ k 0 ≤ s ≤ 1 be the eigenvector of A * with respect to −iω k τ k , by the definition of A * and 3.2 , 3.4 , and 3.5 we can obtain
3.12
Furthermore, q * , q 1, q * , q 0. Let z t q * , x t , where x t is the solution of 3.7 when μ 0. We denote w t, θ u t θ − 2 Re{z t q θ }, theṅ
We Rewrite 3.13 in the following form: 
3.24
Comparing the corresponding coefficients, we have 
3.25
In what follows we will need to compute w 11 θ and w 20 θ . Firstly we compute w 11 θ , w 20 θ when θ ∈ −1, 0 . It follows from 3.18 that
Substituting the above equation into 3.21 and comparing the corresponding coefficients yields Similarly we have
In what follows, we will seek appropriate E 1 and E 2 in 3.30 and 3.31 . When θ 0, 
Substituting 3.30 into 3.36 and noticing that
we have
where
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Following the similar analysis, we also have
0, 3.43
3.44
Thus the following values can be computed:
3.45
It is well known in 11 that μ 2 determines the directions of the Hopf bifurcation: if μ 2 > 0 < 0 , then the Hopf bifurcation is supercritical subcritical and the bifurcated periodic solution exists if τ > τ k τ < τ k ; χ 2 determines the period of the bifurcated periodic solution: if χ 2 > 0 < 0 , then the period increase decrease ; β 2 determines the stability of the Hopf bifurcation: if β 2 < 0 > 0 , then the bifurcated periodic solution is stable unstable .
Numerical Simulations
In this section, we apply the analysis results in the previous sections to Genesio chaotic system with the aim to realize the control of chaos. We consider the following system: Obviously, system 4.1 has two equilibria E 0 0, 0, 0 and E 1 . 0.632012. Therefore, using the results in the previous sections, we have the following conclusions: when the delay τ 0.1 < 0.632012, the attractor still exists, see Figure 2 ; when the delay τ 0.632, Hopf bifurcation occurs, see Figure 3 . Moreover, μ 2 > 0, β 2 < 0, the bifurcating periodic solutions are orbitally asymptotically stable; when the delay τ 1.2 ∈ 0.632012, 1.85965 , the steady state S 0 is locally stable, see Figure 4 ; when the delay τ 3.2 > 1.85965, the steady state S 0 is unstable, see Figure 5 . Numerical results indicate that as the delay sets in an interval, the chaotic behaviors really disappear. Therefore the parameter τ works well in control of chaos. 
Concluding Remarks
In this paper we have introduced time-delayed feedback as a simple and powerful controlling force to realize control of chaos of Genesio system. Regarding the delay as the parameter, we have investigated the dynamics of Genesio system with delayed feedback. To show the effectiveness of the theoretical analysis, numerical simulations have been presented. Numerical results indicate that the delay works well in control of chaos.
